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Abstract
We study constraints on the CP violating phase γ in the Kobayashi-Maskawa
model using available experimental data. We first follow the conventional
method to up date the constraint on γ by performing a χ2 analysis using data
from |ǫK |, ∆mBd,s and |Vub/Vcb|. We also include the recent information on
sin 2β in the analysis. We obtain the best fit for γ to be 66◦ and the 95%
C.L. allowed range to be 42◦ ∼ 87◦. We then develop a method to carry
out a χ2 analysis based on SU(3) symmetry using data from B → ππ and
B → Kπ. We also discuss SU(3) breaking effects from model estimate. We
find that present data on B → ππ,Kπ can also give some constraint on γ
although weaker than the earlier method limited by the present experimental
errors. Future improved data will provide more stringent constraint. Finally
we perform a combined fit using data from |ǫK |, ∆mBd,s , |Vub/Vcb|, sin 2β
and rare charmless hadronic B decays. The combined analysis gives γ = 67◦
for the best fit value and 43◦ ∼ 87◦ as the 95% C.L. allowed range. Several
comments on other methods to determine γ based on SU(3) symmetry are
also provided.
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I. INTRODUCTION
The origin of CP violation is still a mystery although it has been observed in neutral
kaon mixing more than 35 years. One of the most promising model for CP violation is the
model proposed by Kobayashi and Maskawa in 1973 [1]. This is now referred as the Standard
Model (SM) for CP violation. In this model CP violation results from a non-removable phase
γ in the charged current mixing matrix, the Cabbibo-Kobayashi-Maskawa (CKM) matrix
[1,2], VCKM . There are also other mechanisms for CP violation. To understand the origin
of CP violation, it is important to study in every detail of a particular mechanism against
experimental data. In this paper we carry out a study to constrain the CP violating phase
in the SM using available experimental data.
The CKM matrix VCKM is a 3× 3 unitary matrix and is usually written as
VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
 . (1)
In the literature there are several ways to parameterize the CKM matrix. The standard
particle data group parameterization is given by [3]
VCKM =

c12c13 s12c13 s13e
−iδ13
−s12c23 − c12s23s13eiδ13 c12c23 − s12s23s13eiδ13 s23c13
s12s23 − c12c23s13eiδ13 −c12s23 − s12c23s13eiδ13 c23c13
 . (2)
where sij = sin θij and cij = cos θij are the rotation angles. A non-zero value for sin δ13
violates CP. Another commonly used parameterization is the Wolfenstein parameterization
[4] which expands the CKM matrix in terms of λ = |Vus| and is given by
VCKM =

1− 1
2
λ2 λ Aλ3(ρ− iη)
−λ 1− 1
2
λ2 Aλ2
Aλ3(1− ρ− iη) −Aλ2 1
+O(λ
4). (3)
The parameters A, ρ, η are of order unity. When discussing CP violation in kaon system, it is
necessary to keep higher order terms in λ, namely, adding −A2λ5(ρ+ iη) and −Aλ4(ρ+ iη)
2
to Vcd and Vts, respectively. CP violation in this parameterization is characterized by a
non-zero value for η.
Due to the unitarity condition, one has
V ∗ubVud + V
∗
cbVcd + V
∗
tbVtd = 0. (4)
In the complex plane the above equation defines a triangle with angles α =
−Arg(VtdV ∗tb/VudV ∗ub), β = −Arg(VcdV ∗cb/VtdV ∗tb) and γ = −Arg(VudV ∗ub/VcdV ∗cb) as shown
in Figure 1.
γ β
α
*
tbVtdV
*
ubVudV
*
cbVcdV
FIG. 1. The KM unitarity triangle.
To a very good approximation the phase δ13 is equal to γ. In terms of ρ and η, the angles
α, β and γ are given by:
sin 2α =
2η(ρ2 − ρ+ η2)
((1− ρ)2 + η2)(ρ2 + η2) , sin 2β =
2η(1− ρ)
(1− ρ)2 + η2 , γ = tan
−1 η
ρ
. (5)
In this paper we will concentrate on obtaining constraint on the phase γ. Great efforts
have been made to constrain or to determine the CP violating phase γ. Previous studies
mainly used experimental data on: i) The CP violating parameter ǫK in the mixing of
neutral kaons; ii) The mixing parameters ∆mBd and ∆mBs in Bd,s − B¯d,s systems; And
iii) |Vub/Vcb| which characterizes the strength of the charmless flavor changing and charmed
flavor changing semi-leptonic B decays. The best fit value for γ from these considerations
is around 65◦ [5,6].
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During the last few years, several rare charmless hadronic B decays have been measured
[7]. Some of these decays are sensitive to γ and therefore can be used to constrain it [8,9].
Analysis based on naive factorization approximation suggests that γ tends to be larger than
90◦ in conflict with the analysis mentioned earlier [8,9]. If confirmed, it is an indication of
new physics beyond the SM. Of course due to uncertainties in the experimental data and
theoretical calculations, it is not possible to draw a firm conclusion whether this conflict
is real at present. To improve the situation, in this paper we will carry out an analysis
replacing the naive factorization assumption by more general SU(3) flavor symmetry for the
rare charmless hadronic decays of B to two SU(3) octet pseudoscalars P1 and P2, that is,
B → PP decays.
SU(3) analyses for B decays have been studied by many groups and several interesting
results, such as relations between different decay branching ratios, and ways to constrain
and/or to determine the phase γ, have been obtained [10–14]. SU(3) symmetry is expected
to be a good approximation for B decays. At present experimental data from B → DK(π)
support such an expectation [10]. However more tests are needed, especially in rare charmless
hadronic B decays. Recently it has been shown that such tests can indeed be carried out for
rare charmless hadronic B decays in an electroweak model independent way in the future
[13]. Before this can be done, however, SU(3) symmetry can only be taken as a working
hypothesis. In the rest of the paper we will study constraints which can be obtained from
rare charmless hadronic B → PP decays based on SU(3) symmetry. We will also study
SU(3) breaking effects using model calculations.
The paper is arranged as follow. In section II, we will review and up date the constraint
on γ using information from ǫK , ∆mBd,s and |Vub/Vcb|, and also information from sin 2β
measurement. In section III we will carry out a χ2 analysis of γ using rare charmless hadronic
B → PP decay data based on SU(3) symmetry. We will also discuss SU(3) breaking effects.
In section IV, we will make a combined study using results from sections II and III. And
in section V, we will discuss some of the implications of the results obtained and draw our
conclusions.
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II. CONSTRAINT ON γ FROM |ǫK |, ∆MBD,S , |VUB/VCB | AND sin 2β
In this section we first review and up date the constraint on γ using experimental and
theoretical information on ǫK , ∆mBd,s and |Vub/Vcb|. Such an analysis has been carried
out before. The analysis in this section is an up date of the previous analyses which also
serves to set up our notations for later use. We then include experimental data from sin 2β
measurement into the analysis to obtain the best fit value and allowed range for γ.
There exist quite a lot of information about the CKM matrix [3]. The value of Vus is
known from Kl3 decay and hyperon decays with good precision:
λ = 0.2196± 0.0023.
The parameter A depends on λ and on the CKM matrix element |Vcb|. Using experimen-
tal data from B → D¯∗l+ν and B → D¯l+ν and inclusive b → clν¯, analysis from LEP data
obtains Vcb = 0.0402 ± 0.0019, and data from CLEO obtains Vcb = 0.0404 ± 0.0034. The
central values of these two measurements are close to each other. In our analysis we will use
the averaged value which leads to A = 0.835± 0.034.
The value for |Vub| has also been studied using data from B → πlν¯l, B → ρlν¯l and
inclusive b→ ulν¯l with
|Vub/Vcb| = λ
√
ρ2 + η2 = 0.090± 0.025 (6)
To separately determine ρ and η (or γ), one has to use information from other data. In the
rest of this section we will carry out a χ2 analysis using constraints from the measurements of
|ǫK |, ∆mBd,s and |Vub/Vcb| along with other known experimental and theoretical information.
The parameter ǫK indicates CP violation in neutral kaon mixing. The short and long
lived mass eigenstates KS and KL of the neutral kaons can be expressed as the linear
combination of weak interaction eigenstates K0 and K¯0 as |KS〉 = p|K0〉 + q|K¯0〉 and
|KL〉 = p|K0〉 − q|K¯0〉. p and q are related to the CP violating parameter ǫK in KL decays
by:
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pq
=
1 + ǫK
1− ǫK . (7)
The precise measurements of the KS → ππ and KL → ππ decay rates imply [3]:
|ǫK | = (2.271± 0.017)× 10−3.
Evaluating the so called “Box” diagram, one obtains
|ǫK | = G
2
Ff
2
KmKm
2
W
6
√
2π2∆mK
BK(A
2λ6η)
[
yc(ηctf3(yc, yt)− ηcc) + ηttytf2(yt)A2λ4(1− ρ)
]
. (8)
where ηtt = 0.574±0.004, ηct = 0.47±0.04 and ηcc = 1.38±0.53 [15] are the QCD correction
factors, ∆mK = mKL −mKS = (0.5300± 0.0012)× 10−2ps−1, and BK = 0.94± 0.15 [16] is
the bag factor. The functions f2 and f3 of the variables yt = m
2
t/m
2
W and yc = m
2
c/m
2
W are
given by [17]:
f2(x) =
1
4
+
9
4(1− x) −
3
2(1− x)2 −
3x2 ln x
2(1− x)3 ,
f3(x, y) = ln
y
x
− 3y
4(1− y)
(
1 +
y ln y
1− y
)
. (9)
Neutral mesons B0d and B¯
0
d show a behavior similar to neutral kaons. The heavy and
light mass eigenstates, BL and BH , are different from B
0
d and B¯
0
d and are given by
|BL〉 = p|B0d〉+ q|B¯0d〉 ,
|BH〉 = p|B0d〉 − q|B¯0d〉. (10)
The mass difference ∆mBd = mBH −mBL can be measured by means of the study of the
oscillations of one CP eigenstate into the other. The world average value for ∆mBd is [18]:
∆mBd = 0.487± 0.014 ps−1. (11)
The contribution to ∆mBd is from analogous “Box” diagrams as that for ǫK , but with
the dominant contribution from the top quark in the loop. One obtains
∆mBd =
G2F
6π2
m2WmBd(fBd
√
BBd)
2ηBytf2(yt)A
2λ6[(1− ρ)2 + η2]. (12)
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where fBd
√
BBd = 0.215± 0.040GeV [19], ηB = 0.55± 0.01 [15] and the function f2 is given
by Eq. (9).
B0s and B¯
0
s mesons are believed to undergo a mixing analogous to the B
0
d and B¯
0
d . Their
larger mass difference ∆mBs is responsible for oscillations that are faster than the B
0
d and
B¯0d oscillation, and have thus still eluded direct observation. A lower limit has been set by
the LEP, SLD and CDF collaborations, as [18]:
∆mBs > 14.9ps
−1(95% C.L.). (13)
The expression for ∆mBs in the SM is similar to that for ∆mBd . ∆mBs can be written
as:
∆mBs = ∆mBd
1
λ2
mBs
mBd
ξ2
1
(1− ρ)2 + η2 , (14)
where all the theoretical uncertainties are included in a quantity ξ, which is given by [19]:
ξ =
fBs
√
BBs
fBd
√
BBd
= 1.14± 0.06. (15)
The ρ and η parameters can be determined from a fit to the experimental values of the
observables described in the above. In the analysis we will adopt the strategies used in
previous analysis in the literature fixing the known parameters, theoretical or experimental,
to their central values if their errors were reasonably small reported in the left half of Table
I. The quantities affected by large errors will be used as additional parameters of the fit, but
including a constraint on their value as shown by the right half of Table I. All errors will
be assumed to be Gaussian. This assumption may result in stringent constraints more than
actually can be achieved because some of the errors may obey different distributions, for ex-
ample those errors come from theoretical estimates may obey flat distribution. Nevertheless,
the results provide a good indication for the values of the parameters involved.
To obtain the best fit values and certain confidence level allowed ranges for the relevant
parameters, we perform a χ2 analysis using the above information. The procedure for χ2
analysis here is to minimize the following expression:
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χ2 =
(Â− A)2
σ2A
+
(m̂c −mc)2
σ2mc
+
(m̂t −mt)2
σ2mt
+
(B̂K − BK)2
σ2BK
+
(η̂cc − ηcc)2
σ2ηcc
+
(η̂ct − ηct)2
σ2ηct
+
(
̂
fBd
√
BBd − fBd
√
BBd)
2
σ2
fBd
√
BBd
+
(ξ̂ − ξ)2
σ2ξ
+
( |̂Vub||Vcb| −
|Vub|
|Vcb| )
2
σ2|Vub|
|Vcb|
+
(|̂ǫK | − |ǫK |)2
σ2|ǫK |
+
( ̂∆mBd −∆mBd)2
σ2△mBd
+ χ2(A(∆mBs), σA(∆mBs)). (16)
The symbols with a hat represent the reference values measured or calculated for given
physical quantities, as listed in Table I, while the corresponding σ are their errors. The
parameters of the fit are ρ , η, A, mc, mt, BK , ηct, ηcc, fBd
√
BBd and ξ.
TABLE I. Input parameters for χ2 analysis using data from ǫK , ∆mBd,s and |Vub/Vcb|.
Fixed values Varied parameters
λ = 0.2196 ± 0.0023 [3] A = 0.835 ± 0.034 [3]
GF = (1.16639 ± 0.00001) × 10−5 GeV−2 [3] ηct = 0.47 ± 0.04 [15]
fK = 0.1598 ± 0.0015GeV [3] ηcc = 1.38± 0.53 [15]
∆mK = (0.5300 ± 0.0012) × 10−2 ps−1 [3] mc(mc) = 1.25 ± 0.10 GeV [3]
mK = 0.497672 ± 0.000031 GeV [3] mt(mt) = 165.0 ± 5.0 GeV [3]
mW = 80.419 ± 0.056 GeV [3] fBd
√
BBd = 0.215 ± 0.040 GeV [16]
mBd = 5.2794 ± 0.0005 GeV [3] BK = 0.94 ± 0.15 [16]
mBs = 5.3696 ± 0.0024 GeV [3] ξ = 1.14 ± 0.06 [16]
ηtt = 0.574 ± 0.004 [15] |ǫK | = (2.271 ± 0.017) × 10−3 [3]
ηB = 0.55± 0.01 [15] ∆mBd = 0.487 ± 0.014 ps−1 [18]
|Vub/Vcb| = 0.090 ± 0.025 [3]
The inclusion of the ∆mBs data needs some explanation. The experimental data consists
of measured values of A(∆mBs) and σA(∆mBs) for various values of ∆mBs plot in Figure
2. To include this data in the fit, for each set of free parameters (A, ρ, η, ξ) we calculate the
value of ∆mBs and find the corresponding experimental values of A and σA in Figure 2. A
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nonzero value of ∆mBs implies that there is B
0
s − B¯0s mixing, if observed one should have
A = 1 and otherwise A = 0 [20]. We follow Ref. [6] to add to the total χ2 in Eq. (16) a
∆χ2 for the corresponding set of (A, ρ, η, ξ),
∆χ2 = χ2(A(∆mBs), σA(∆mBs)) = (
A− 1
σA
)2. (17)
Exp[−∆χ2/2] is an indication of how likely a mixing with a given ∆mBs was measured by
experiment. The sign of the deviation A− 1 should also be carefully treated. Naively the
expression of ∆χ2 implies that a lower probability is attirubted to the ∆mBs values with
A > 1 with respect to ∆mBs values having A = 1. To avoid this undesired behavior, we
follow Ref. [6] to set A to unity for the range with A larger than one in Fig. 2.
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data ± 1 σ 95% CL limit   14.9 ps-1
1.645 σ sensitivity    17.9 ps-1
data ± 1.645 σ
data ± 1.645 σ (stat only)
World average (prel.)
FIG. 2. Experimental data on ∆mBs [17].
After ρ and η are determined it is easy to obtain the values of the angles in the unitarity
triangle using relations in Eq. (5). The best fit values and the allowed regions in the ρ− η
plane are shown in Figure 3. The best fit values and their 68% C.L. errors are
ρ = 0.18+0.11−0.09, η = 0.34
+0.07
−0.06 ,
sin 2α = −0.19+0.37−0.42, sin 2β = 0.70+0.14−0.09, γ = 62+12
◦
−13◦ . (18)
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The 95% C.L. allowed regions for the above quantities are expressed as:
0.03 < ρ < 0.38, 0.23 < η < 0.50,
−0.85 < sin 2α < 0.42 , 0.49 < sin 2β < 0.94 , 39◦ < γ < 84◦. (19)
These results agree with previous analyses [5].
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FIG. 3. Constraints on ρ and η using data from |ǫK |, ∆mBd,s and |Vub/Vcb|, and sin 2β. In the
figure on the left, only |ǫK |, ∆mBd,s and |Vub/Vcb| are used. The best fit value is indicated by the
“+” symbol. The region in the dotted curve corresponds to χ2 −χ2min = 1 allowed region which is
at the 39% C.L.. The 68% C.L. allowed region is within the dashed curve and the 95% C.L. allowed
region is within the solid curve. The straight ray lines are the results for direct measurement of
sin 2β. The thick solid lines are for the central value of sin 2β. There are two allowed regions. The
region outside the two thin solid straight lines for each allowed region are excluded by the sin 2β
measurement at 95% C.L.. The 68% C.L. allowed regions are between the dashed lines. The figure
on the right is a fit with sin 2β data also included in the χ2.
The solid line in Figure 4 is a plot of the minimal χ2 as a function of γ for the fit using
|ǫK |, ∆mBd,s and |Vub/Vcb|. It is clear that χ2 changes with γ dramatically. When going
away from the minimal, χ2 raises rapidly indicating a good determination of γ.
There are also direct measurements of sin 2β by several groups from the time dependent
CP asymmetry in B → J/ψKS. In the SM this asymmetry is given by
a(t) =
Γ(B¯0(t)→ J/ψKS)− Γ(B0(t)→ J/ψKS)
Γ(B¯0(t)→ J/ψKS) + Γ(B0(t)→ J/ψKS) = − sin 2β sin(∆mBdt). (20)
10
γ
0 20 40 60 80 100 120 140 160 180
2 χ
0
5
10
15
20
25
FIG. 4. The solide line is the χ2 as a function of γ using data from |ǫK |, ∆mBd,s and |Vub/Vcb|.
The dashed line is the χ2 as a function of γ with sin 2β data included in the fit.
The values measured by different groups are,
sin 2β =

0.34± 0.20± 0.05; BaBar [21]
0.58+0.32+0.09−0.34−0.10; Belle [21]
0.79+0.41−0.44; CDF [22]
0.84+0.82−1.04 ± 0.16 ALEPH [23]
(21)
The averaged value is sin 2β = 0.46± 0.16.
For a given sin 2β there are, in general, four solutions for γ with two of them having
negative η and another two having positive η. To determine which one of them is the right
solution, one has to use other information. Using the information from our previous fit, we
can rule out some of the solutions. The allowed ranges for ρ and η from the averaged value
for sin 2β is shown in the figure on the left in Fig. 3 by the straight ray lines. Since the fit
from |ǫK |, ∆mBd,s and |Vub/Vcb| determines η > 0, only solutions with η > 0 are allowed.
It is clear that one of the values for ρ and η determined from sin 2β measurement can be
consistent with the fitting results in Eqs. (18) and (19).
It is intersting to note that sin 2β data can eliminate a large allowed range in the ρ vs. η
plane at the 95% C.L. level. One can also include the measured sin 2β into the χ2 analysis.
The results are shown in the figure on the right in Fig.3. The χ2 as a function of γ is shown
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by the dashed line in Fig. 4. The best fit values and their 68% C.L. errors are given by:
ρ = 0.13+0.10−0.06, η = 0.30
+0.05
−0.05 ,
sin 2α = −0.19+0.35−0.44, sin 2β = 0.61+0.09−0.07, γ = 66+10
◦
−14◦ . (22)
And the 95% C.L. allowed regions for the above quantities are:
0.01 < ρ < 0.30, 0.21 < η < 0.41,
−0.88 < sin 2α < 0.45 , 0.40 < sin 2β < 0.80 , 42◦ < γ < 87◦. (23)
III. DETERMINATION OF γ FROM CHARMLESS HADRONIC B DECAYS
In this section we study how the phase γ can be constrained from experimental data on
B → PP decays, based on flavor SU(3) symmetry consideration.
A. The Quark Level Effective Hamiltonian
The quark level effective Hamiltonian up to one loop level in electroweak interaction for
charmless hadronic B decays, including QCD corrections to the matrix elements, can be
written as
Hqeff =
GF√
2
[VubV
∗
uq(c1O1 + c2O2)−
11∑
i=3
(VubV
∗
uqc
uc
i + VtbV
∗
tqc
tc
i )Oi]. (24)
The coefficients c1,2 and c
jk
i = c
j
i − cki , with j indicates the internal quark, are the Wilson
Coefficients (WC). These WC’s have been evaluated by several groups [24], with |c1,2| >>
|cji |. In the above the factor VcbV ∗cq has been eliminated using the unitarity property of the
CKM matrix. The operators Oi are defined as [24],
O1 = (q¯iuj)V−A(u¯jbi)V−A , O2 = (q¯u)V−A(u¯b)V−A ,
O3,5 = (q¯b)V−A
∑
q′(q¯
′q′)V∓A , O4,6 = (q¯ibj)V−A
∑
q′(q¯
′
jq
′
i)V∓A ,
O7,9 =
3
2
(q¯b)V−A
∑
q′ eq′(q¯
′q′)V±A , O8,10 = 32(q¯ibj)V−A
∑
q′ eq′(q¯
′
jq
′
i)V±A ,
O11 =
gs
8π2
q¯σµνG
µν(1 + γ5)b .
(25)
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where (q¯1q2)V−A = q¯1γµ(1 − γ5)q2, Gµν is the field strengths of the gluon, respectively. We
have neglected the photonic dipole penguin term whose contribution to hadronic charmless
B decays is small. The usual tree-level W-exchange contribution in the effective Hamiltonian
corresponds to O2. O1 emerges due to the QCD corrections. The operators O3,4,5,6 are from
the QCD-penguin diagrams. The operators O7,..., O10 arise from the electroweak-penguin
diagrams. O11 is the gluonic dipole penguin operator.
The WC’s at µ = 5 GeV with αs(mZ) = 0.118, in the regularization independent scheme
in Ref. [25] are
c1 = −0.313 , c2 = 1.150 ,
ct3 = 0.017 , c
t
4 = −0.037 ,
ct5 = 0.010 , c
t
6 = −0.046 ,
ct7 = −0.001αem , ct8 = 0.049αem ,
ct9 = −1.321αem , ct10 = 0.267αem
ct11 = −0.143 .
(26)
where αem = 1/128. c
c,u
i are given in Ref. [25]
B. SU(3) Structure of the Effective Hamiltonian
To obtain B decay amplitudes, one has to calculate hadronic matrix elements from
quark operators. At present there is no reliable methods to calculate these matrix elements
although simple factorization calculations provide some reasonable results for some decays,
but not all of them [26]. It motivates us to carry out model independent analysis by studying
properties of the effective Hamiltonian under SU(3) flavor symmetry and use them to obtain
information about related decays.
In general the decay amplitudes for B → PP can be written as
A(B → PP ) =< P P |Hqeff |B >=
GF√
2
[VubV
∗
uqT (q) + VtbV
∗
tqP (q)] , (27)
where T (q) contains contributions from the tree operators O1,2 as well as penguin operators
O3−11 due to charm and up quark loop corrections to the matrix elements, while P (q)
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contains contributions purely from penguin due to top and charm quarks in loops. The
amplitude T in Eqs. (27) is usually called the “tree” amplitude which will also be referred
to later on in the paper. One should, however, keep in mind that it contains the usual tree
current-current contributions proportional to c1,2 and also the u and c penguin contributions
proportional to cuci with i = 3− 11. Also, in general, it contains long distance contributions
corresponding to internal u and c generated intermediate hadron states. In our later analysis,
we do not distinguish between the tree and the penguin contributions in the amplitude T .
The relative strength of the amplitudes T and P is predominantly determined by their
corresponding WC’s in the effective Hamiltonian. For ∆S = 0 charmless decays, the dom-
inant contributions are due to the tree operators O1,2 and the penguin operators are sup-
pressed by smaller WC’s. Whereas for ∆S = −1 decays, because the penguin contributions
are enhanced by a factor of VtbV
∗
ts/VubV
∗
us ≈ 50 [3] compared with the tree contributions,
penguin effects dominate the decay amplitudes. In this case the electroweak penguins can
also play a very important role [27].
The operators O1,2, O3−6,11, and O7−10 transform under SU(3) symmetry as 3¯+3¯′+6+15,
3¯, and 3¯ + 3¯′ + 6+ 15, respectively. We now give details for the decomposition under SU(3)
for some operators. For ∆S = 0 decays, O2 can be written, omitting the Lorentz-Dirac
structure, as [13]:
O2 = −1
8
{(u¯u)(d¯b) + (d¯d)(d¯b) + (s¯s)(d¯b)}3¯
+
3
8
{(d¯u)(u¯b) + (d¯d)(d¯b) + (d¯s)(s¯b)}3¯′
− 1
4
{(u¯u)(d¯b)− (d¯u)(u¯b) + (d¯s)(s¯b)− (s¯s)(d¯b)}6
+
1
8
{3(u¯u)(d¯b) + 3(d¯u)(u¯b)− (d¯s)(s¯b)− (s¯s)(d¯b)− 2(d¯d)(d¯b)}15
= −1
8
H(3¯) +
3
8
H(3¯′)− 1
4
H(6) +
1
8
H(15) (28)
The 3¯, 6 and 15 indicate the SU(3) irreducible representations. The non-zero entries of the
matrices H(i) in flavor space are [10]:
H(3¯)2 = H(3¯′)2 = 1 , H(6)121 = H(6)
23
3 = 1 , H(6)
21
1 = H(6)
32
3 = −1 ,
14
H(15)121 = H(15)
21
1 = 3 , H(15)
22
2 = −2 , H(15)323 = H(15)233 = −1 . (29)
Here 1 = u, 2 = d and 3 = s with the upper indices indicating anti-quarks and the lower
ones indicating quarks.
For ∆S = 1 decays, one has
O2 = −1
8
{(u¯u)(s¯b) + (d¯d)(s¯b) + (s¯s)(s¯b)}3¯
+
3
8
{(s¯u)(u¯b) + (s¯d)(d¯b) + (s¯s)(s¯b)}3¯′
− 1
4
{(u¯u)(s¯b)− (s¯u)(u¯b) + (s¯d)(d¯b)− (d¯d)(s¯b)}6
+
1
8
{3(u¯u)(s¯b) + 3(s¯u)(u¯b)− (s¯s)(s¯b)− (s¯d)(d¯b)− 2(d¯d)(s¯b)}15
= −1
8
H(3¯) +
3
8
H(3¯′)− 1
4
H(6) +
1
8
H(15) (30)
The non-zero entries are [10]:
H(3¯)3 = H(3¯′)3 = 1 , H(6)131 = H(6)
32
2 = 1 , H(6)
31
1 = H(6)
23
2 = −1 ,
H(15)131 = H(15)
31
1 = 3 , H(15)
33
3 = −2 , H(15)322 = H(15)232 = −1 . (31)
For ∆S = 0, the operators O1,2, O3−6, and O7−10 can be decomposed as
O1 =
3
8
O3¯ − 1
8
O3¯′ + 1
4
O6 + 1
8
O15 ,
O2 = −1
8
O3¯ + 3
8
O3¯′ − 1
4
O6 + 1
8
O15 ,
O3 = O3¯ , O4 = O3¯′ ,
O9 =
3
2
O1 − 1
2
O3 , O10 =
3
2
O2 − 1
2
O4. (32)
where
O3¯ = (u¯u)V−A(d¯b)V−A + (d¯d)V−A(d¯b)V−A + (s¯s)V−A(d¯b)V−A ,
O3¯′ = (d¯u)V−A(u¯b)V−A + (d¯d)V−A(d¯b)V−A + (d¯s)V−A(s¯b)V−A ,
O6 = (u¯u)V−A(d¯b)V−A − (d¯u)V−A(u¯b)V−A
+ (d¯s)V−A(s¯b)V−A − (s¯s)V−A(d¯b)V−A ,
O15 = 3(u¯u)V−A(d¯b)V−A + 3(d¯u)V−A(u¯b)V−A − (d¯s)V−A(s¯b)V−A
− (s¯s)V−A(d¯b)V−A − 2(d¯d)V−A(d¯b)V−A. (33)
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The operators O5 and O6 have same SU(3) structure as O3 and O4 but different Lorentz-
Dirac structures. O7, O8 have the same SU(3) structure as O9, O10, but again have different
Lorentz-Dirac structures. Similarly one can obtain the decomposition of the operators for
∆S = 1 case.
Since we are only concerned with flavor structure in SU(3), operators with different
Lorentz-Dirac structures and different color structures can be grouped together according
to their flavor SU(3) representations without affect the results. As long as flavor structure
is concerned, the effective Hamiltonian contains only 3¯, 6 and 15. These properties enable
us to write the decay amplitudes for B → PP in only a few SU(3) invariant amplitudes.
C. SU(3) Decay Amplitudes for B → PP Decays
We will use Bi = (Bu, Bd, Bs) = (B
−, B¯0, B¯0s ) to indicate the SU(3) triplet for the three
B-mesons, and M to indicate the pseudoscalar octet M which contains one of the P in the
final state with
M =

π0√
2
+ η8√
6
π+ K+
π− − π0√
2
+ η8√
6
K0
K− K¯0 −2 η8√
6
 . (34)
One can write the T amplitude for B → PP as [10]
T = AT3¯BiH(3¯)
i(Mkl M
l
k) + C
T
3¯ BiM
i
kM
k
j H(3¯)
j
+ AT6BiH(6)
ij
kM
l
jM
k
l + C
T
6 BiM
i
jH(6)
jk
l M
l
k
+ AT15BiH(15)
ij
k M
l
jM
k
l + C
T
15BiM
i
jH(15)
jk
l M
l
k , (35)
due to the anti-symmetric nature in exchanging the upper two indices of H ijk (6), and the
symmetric structure of the two mesons in the final states, C6 − A6 always appear together
[10]. We will just use C6 to indicate this combination. There are 5 complex independent
SU(3) invariant amplitudes. The results for each individual B decay mode are shown in Table
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TABLE II. SU(3) decay amplitudes for B → PP decays.
∆S = 0
TBu
pi−pi0
(d) = 8√
2
CT
15
,
TBu
pi−η8
(d) = 2√
6
(CT
3¯
− CT
6
+ 3AT
15
+ 3CT
15
),
TBu
K−K0
(d) = CT
3¯
− CT
6
+ 3AT
15
− CT
15
,
TBd
pi+pi−
(d) = 2AT
3¯
+ CT
3¯
+ CT
6
+AT
15
+ 3CT
15
,
TBd
pi0pi0
(d) = 1√
2
(2AT
3¯
+ CT
3¯
+ CT
6
+AT
15
− 5CT
15
),
TBd
K−K+
(d) = 2(AT
3¯
+AT
15
),
TBd
K¯0K0
(d) = 2AT
3¯
+ CT
3¯
− CT
6
− 3AT
15
− CT
15
,
TBd
pi0η8
(d) = 1√
3
(−CT
3¯
+ CT
6
+ 5AT
15
+ CT
15
),
TBdη8η8(d) =
1√
2
(2AT
3¯
+ 1
3
CT
3¯
− CT
6
−AT
15
+ CT
15
),
TBs
K+pi−
(d) = CT
3¯
+ CT
6
−AT
15
+ 3CT
15
,
TBs
K0pi0
(d) = − 1√
2
(CT
3¯
+ CT
6
−AT
15
− 5CT
15
),
TBs
K0η8
(d) = − 1√
6
(CT
3¯
+ CT
6
−AT
15
− 5CT
15
),
∆S = −1
TBu
pi−K¯0
(s) = CT
3¯
− CT
6
+ 3AT
15
− CT
15
,
TBu
pi0K−
(s) = 1√
2
(CT
3¯
− CT
6
+ 3AT
15
+ 7CT
15
) ,
TBu
η8K−
(s) = 1√
6
(−CT
3¯
+ CT
6
− 3AT
15
+ 9CT
15
),
TBd
pi+K−
(s) = CT
3¯
+ CT
6
−AT
15
+ 3CT
15
,
TBd
pi0K¯0
(s) = − 1√
2
(CT
3¯
+ CT
6
−AT
15
− 5CT
15
),
TBd
η8K¯0
(s) = − 1√
6
(CT
3¯
+ CT
6
−AT
15
− 5CT
15
),
TBs
pi+pi−
(s) = 2(AT
3¯
+AT
15
),
TBs
pi0pi0
(s) =
√
2(AT
3¯
+AT
15
),
TBs
K+K−
(s) = 2AT
3¯
+ CT
3¯
+ CT
6
+AT
15
+ 3CT
15
,
TBs
K0K¯0
(s) = 2AT
3¯
+ CT
3¯
− CT
6
− 3AT
15
− CT
15
,
TBs
pi0η8
(s) = 2√
3
(CT
6
+ 2AT
15
− 2CT
15
),
TBsη8η8(s) =
√
2(AT
3¯
+ 2
3
CT
3¯
−AT
15
− 2CT
15
).
II. Similarly one can write down the expressions for the penguin induced decay amplitudes
P .
Since there are both tree and penguin amplitudes CTi , A
T
i and C
P
i , A
P
i , there in gen-
eral, 10 complex hadronic parameters (20 real parameters). However simplications can be
made by noticing that c7,8 are very small compared with other Wilson Coefficients, their
contributions can be neglected to a very good precision. In that case, from Eq. (32), we
obtain
CP6 (A
P
6 ) = −
3
2
ctc9 − ctc10
c1 − c2 − 3(cuc9 − cuc10)/2
CT6 (A
T
6 ) ≈ −
3
2
ct9 − ct10
c1 − c2 C
T
6 (A
T
6 ) ,
CP15(A
P
15) = −
3
2
ctc9 + c
tc
10
c1 + c2 − 3(cuc9 + cuc10)/2
CT15(A
T
15) ≈ −
3
2
ct9 + c
t
10
c1 + c2
CT15(A
T
15). (36)
We have checked that the approximation signs in the above are good to 10−4.
At leading order QCD correction, the above relations are renormalization scale inde-
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pendent, and therefore to this order the coefficients Ci and Ai are also so. This can be
seen from the fact that when keeping terms which mix only between O1(O9) and O2(O10),
the dominant QCD correction gives: c1(9)(µ) + c2(10)(µ) = η
2/β [c1(9)(mW ) + c2(10)(mW )]
and c1(9)(µ) − c2(10)(µ) = η−4/β[c1(9)(mW ) − c2(10)(mW )]. Here c1,2,9,10(mW ) are the initial
values for the WC’s at the W mass scale with c1(10)(mW ) = 0, η = αs(mW )/αs(µ) and
β = 11− 2f/3 (f is the number of quark flavors with mass smaller than µ). These relations
lead to (c9(µ) ± c10(µ))/(c1(µ) ± c2(µ)) = ±c9(mW )/c2(mW ) independent of µ. Mixings
with other operators and higher order corrections introduce dependence on renormalization
schemes. We have checked with different renormalization schemes and find that numerically
the changes are less than 15% for different schemes. Although the changes are not sizable,
there are scheme dependence. The total decay amplitudes are not renormalization scheme
dependent, therefore the hadronic matrix elements determined depend on the renormaliza-
tion scheme used to determine the ratios, (c9 ± c10)/(c1 ± c2). One should consistently use
the same scheme.
Using relations in Eq.(36), one finds that there are less independent parameters which
we choose them to be, CT,P3¯ (A
T,P
3¯ ), C
T
6 , and C
T
15
(AT
15
). Using the fact that an overall phase
can be removed without loss of generality, we will set CP3¯ to be real. There are in fact only
13 real independent parameters for B → PP in the SM.
One can further reduce the parameters with some dynamic considerations. To this
end we note that the amplitudes Ai correspond to annihilation contributions, as can be
seen from Eq.(35) where Bi mesons are contracted with one of the index in H(j), are
small compared with the amplitudes Ci from model calculations and are often neglected in
factorization calculations [8,26]. Neglecting all annihilation contributions, we then have just
7 independent hadronic parameters in the amplitudes
CP3¯ , C
T
3¯ e
iδ3¯ , CT6 e
iδ6 , CT15e
iδ
15 . (37)
The phases in the above are defined in such a way that all CT,Pi are real positive numbers.
We will make the assumption that annihilation amplitudes are negligiblly small in our
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later analysis and leave the verification of this assumption for future experimental data. We
point out that this assumption can be tested using Bd → K−K+, Bs → π+π−, π0π0 in
B → PP decays, because these decays have only annihilation contributions as can be seen
from Table 2 [12,13].
D. Constraint on γ from B → PP Decays
We are now ready to carry out a χ2 analysis using data from B → ππ and B → Kπ.
The experimental data to be used are shown in Table III.
In general the errors for the experimental data in Table III are correlated. Due to the
lack of knowledge of the error correlation from experiments, in our analysis, for simplicity,
we take them to be uncorrelated and assume the errors obey Gaussian distribution taking
the larger one between σ+ and σ− to be on the conservative side. When combining from
different measurements, we take the weighted average. For the data which only presented
as upper bounds, we assume them to obey Gaussian distribution and taking the error σ
accordingly.
The χ2 analysis in this case is to minimize the χ2 given in the below
χ2 =
∑
i
(Bˆr(i)− Br(i))2
σ2Br(i)
+
∑
i
(AˆCP (i)− ACP (i))2
σ2CP (i)
+ χ2(A, |Vub/Vcb|), (38)
where the summation on i is for the available decay branching ratios and CP asymmetries
listed in Table III. σBr,CP are the corresponding errors. Here χ
2(A, |Vub/Vcb|) is the χ2 due
to uncertainties in A and |Vub/Vcb| as in section II. The branching ratios Br(i) and CP
asymmetries ACP (i) expressed in terms of decay amplitude A(i) = (GF/
√
2)[VubV
∗
uqT (i) +
VtbV
∗
tqP (i)] for a particular B → P1P2 are given by
Br(i) =
1
32πmBΓB
(|A(i)|2 + |A¯(i)|2)λP1P2 ,
ACP (i) =
|A(i)|2 − |A¯(i)|2
|A(i)|2 + |A¯(i)|2 , (39)
where λij = [(1 − (mi +mj)2/m2B)(1− (mi −mj)2/m2B)]1/2. The amplitudes T (i) and P (i)
for each individual decay can be read off from Table II.
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TABLE III. Rare hadronic charmless B → ππ and B → Kπ data. The branching ratios are in
unit of 10−6.
Br and ACP Data Value used from combined data
Br(B → π+π−) 4.3+1.6−1.4 ± 0.5 [7,28] 4.4± 0.9
5.9+2.4−2.1 ± 0.5 [29]
4.1 ± 1.0± 0.7 [30]
Br(B → π−π0) 5.6+2.6−2.3 ± 1.7 [7,28] 6.2± 2.4
7.1+3.6+0.9−3.0−1.2 [29]
Br(B → K+π−) 17.2+2.5−2.4 ± 1.2 [7,28] 17.3 ± 1.6
18.7+3.3−3.0 ± 1.6 [29]
16.7 ± 1.6+1.2−1.7 [30]
Br(B → K−π0) 11.6+3.0+1.4−2.7−1.3 [7,28] 13.7 ± 2.6
17.0+3.7+2.0−3.0−2.2 [29]
Br(B → K¯0π−) 18.2+4.6−4.0 ± 1.6 [7,28] 16.2 ± 3.8
13.1+5.5−4.6 ± 2.6 [29]
Br(B → K0π0) 14.6+5.9+2.4−5.1−3.3 [7,28] 14.6 ± 4.6
14.6+6.1−5.1 ± 2.7 [29]
Br(B → K−K0) < 5.1(90%C.L.) [7,28] 0.6± 1.9
< 5.0(90%C.L.) [29]
Br(B → π0π0) 2.1+1.7+0.7−1.3−0.6 [28] 2.1± 1.8
ACP (B → K−π0) −0.29 ± 0.23 [31] −0.13 ± 0.16
0.019+0.219−0.191 [29]
ACP (B → K+π−) −0.04 ± 0.16 [31] −0.003 ± 0.12
0.043 ± 0.175 ± 0.021 [29]
ACP (B → K¯0π−) 0.18 ± 0.24 [31] 0.18 ± 0.24
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We use Vcb = 0.0402 ± 0.0019 and |Vub/Vcb| = 0.090 ± 0.025 in the fitting. The results
with exact SU(3) symmetry are shown in Figures 5 and 6 by the solid curves. The best fit
values for the hadronic parameters are
CP3¯ = 0.13, C
T
3¯ = 0.34, C
T
6 = 0.13, C
T
15 = 0.16,
δ3¯ = −27◦, δ6 = −20◦, δ15 = 35◦. (40)
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FIG. 5. The constraints for ρ and η using data from |Vub/Vcb| and rare B → ππ and B → Kπ.
For the fit with exact SU(3), the best fit value is indicated by the “+” symbol and the χ2−χ2min = 1
(39% C.L.) allowed regions are inside the region in the solid curve. For the case with SU(3) breaking
effects, the best fit value is indicated by a diamond shaped symbol and the 39% C.L. allowed region
is inside the dashed curve.
And the best fit values for ρ, η and γ are
ρ = 0.02, η = 0.40, γ = 87◦. (41)
The constraint is weak. We have not given the 68% allowed ranges because to that level,
the constraints are basically given by |Vub/Vcb|. We have to wait more accurate data to
obtain more restrictive constraints.
At present the errors on the asymmetries are too large and do not really provide stringent
constraints. However, we include them here hoping that they will be measured soon. By
then one can easily include them in the fit to obtain more stringent constraint on γ.
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FIG. 6. χ2 as a function of γ using data from |Vub/Vcb| and rare B → ππ and B → Kπ.
The curve (a) is for the case with exact SU(3), and the curve (b) is for the one with SU(3)
breaking effects. The curves (a1) and (b1) are for the cases with the additional condition
CT3¯ e
iδ3¯ − CT6 eiδ6 − CT15eiδ15 = 0 with exact SU(3) and with SU(3) breaking effects, respectively.
In Figure 5, we show the regions allowed by χ2 − χ2min = 1 in the ρ − η plane by the
solid curve. As mentioned that at present the constraint is weak which can also be seen
from Figure 6 where the minimal χ2 as a function of γ is shown by the curve (a) for the case
with exact SU(3) symmetry, although the χ2min per degree of freedom is smaller than 1. The
68% allowed region is actually the same as that from |Vub/Vcb| alone. However, when more
precision data for rare charmless B → PP become available, the restriction will become
more stringent. For example, if the error bars for all the quantities are reduced by a factor
of 2.45, then the regions in Figure 5 correspond to 95% C.L. allowed regions.
SU(3) may not be an exact symmetry for B → PP . We now estimate SU(3) breaking
effects. The amplitudes Ci for B → ππ and B → Kπ will be different if SU(3) is broken. At
present it is not possible to calculate the breaking effects. To have some idea about the size
of the SU(3) breaking effects, we work with the factorization estimate. To leading order the
relation between the amplitudes for B → ππ decays Ci(ππ) and the amplitudes for B → Kπ
decays Ci(Kπ) can be parameterized as Ci(Kπ) = rCi(ππ), and r is approximately given
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by
r ≈ fK
fπ
= 1.22. (42)
Here we have assumed that the SU(3) breaking effects in fi and F
B→i
0 are similar in mag-
nitudes, that is, fK/fπ ≈ FB→K0 /FB→π0 [32]. Using the above to represent SU(3) breaking
effect, we can obtain another set of fitting results. They are shown in Figures 5 (dashed
curve) and 6 (curve (b)). The best fit values for the amplitudes are
CP3¯ = 0.11, C
T
3¯ = 0.33, C
T
6 = 0.22, C
T
15 = 0.18,
δ3¯ = 57
◦, δ6 = 200◦, δ15 = 85
◦. (43)
The best fit values for ρ, η and γ are given by
ρ = −0.39, η = 0.07, γ = 170◦. (44)
In both exact and broken SU(3) cases, there are two local minimal in the χ2 vs. γ
diagrams. The corresponding values of γ are very different with one of them around 87◦
and another 170◦. These best fit values are dramatically different that those obtained in
section II. However the best fit values here can not be taken too seriously because, as can
be seen from Fig. 5, that at 39% C.L. level, almost all allowed range by |Vub/Vcb| is allowed
by B → PP data. At 68% C.L. level, all allowed region by |Vub/Vcb| is allowed by data from
B → PP decays. Inconsistence between γ obtained in Section II and this section can not
be established. We have to wait more precise data on B → PP to decide.
In the literature it has often been quoted that O1,2 do not contribute to B
− → K¯0π−
and therefore Br(B− → K¯0π−) = Br(B+ → K0π+). In the SU(3) language used here,
this implies C = CT3¯ e
iδ3¯ − CT6 eiδ6 − CT15eiδ15 = 0. This result has been used to derive
several methods to determine the phase γ. We stress that this is not a result from SU(3)
consideration and need to be checked. For this reason we also carried out analyses with the
condition C = 0. For this case, the minimal χ2 as a function of γ are also shown in Figure 6
(curves (a1) and (b1)) with exact SU(3) and with SU(3) breaking effects, respectively. The
best fit values with exact SU(3) symmetry are
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ρ = 0.05, η = 0.41, γ = 83◦,
CP3¯ = 0.13, C
T
3¯ = 0.26, C
T
6 = 0.17, C
T
15 = 0.16,
δ3¯ = −13◦, δ6 = −49◦, δ15 = 27◦. (45)
And the best fit values with SU(3) breaking effects are
ρ = 0.12, η = 0.39, γ = 73◦,
CP3¯ = 0.11, C
T
3¯ = 0.24, C
T
6 = 0.15, C
T
15 = 0.16,
δ3¯ = −15◦, δ6 = −56◦, δ15 = 23◦. (46)
The imposition of C = 0 does not force these coefficients to be real. In order to get C
to be zero, the real and imaginary parts both have to cancel to satisfy the condition. The
implications of this analysis will be discussed later.
IV. COMBINED FIT
In this section we carry out a combined fit of the sections II and III. The total χ2(total)
is the sum of the χ2(II) with sin 2β data included from section II plus the χ2(III). Here
χ2(III) is the χ2 in Eq. (36) of section III with χ2(A, |Vub/Vcb|) subtracted. This is because
that χ2(II) already included information from A and |Vub/Vcb|. The results are shown in
Figures 7 and 8. Since χ2(II) has a sharper dependence on γ compared with χ2(III), the
best fit values and errors are dominantly determined by constraints in section II.
The best combined fit values with exact SU(3) symmetry for the hadronic parameters
are
CP3¯ = 0.13, C
T
3¯ = 0.29, C
T
6 = 0.16, C
T
15 = 0.20,
δ3¯ = −42◦, δ6 = −20◦, δ15 = 35◦. (47)
In the above we have not given errors for the hadronic parameters because the constraints
on them are weak.
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FIG. 7. Constraints on ρ and η using combined data from |ǫK |, ∆mBd,s , |Vub/Vcb|, sin 2β and
B → ππ and B → Kπ. The three regions from smaller to larger corresponds to χ2 − χ2min = 1
allowed region which is at the 39% C.L., the 68% C.L. allowed region and the 95% C.L. allowed
region, respectively. The figure on the left is for the case with exact SU(3) and the one on the right
is for the case with SU(3) breaking effects. The dotted curves are for fit in section II and the solid
curves are for the combined fit.
The best fit values for ρ, η and γ and their 68% C.L. errors are given by
ρ = 0.12+0.09−0.05, η = 0.29
+0.06
−0.04, γ = 67
+10◦
−13◦ , (48)
and the 95% C.L. allowed ranges for ρ, η and γ are
0.01 < ρ < 0.29, 0.21 < η < 0.40,
−0.86 < sin 2α < 0.45, 0.45 < sin 2β < 0.79, 43◦ < γ < 87◦. (49)
The best combined fit values with SU(3) breaking effects for the hadronic parameters
are
CP3¯ = 0.11, C
T
3¯ = 0.29, C
T
6 = 0.16, C
T
15 = 0.20,
δ3¯ = −33◦, δ6 = −40◦, δ15 = 31◦. (50)
ρ = 0.13+0.09−0.06, η = 0.29
+0.06
−0.04, γ = 66
+10◦
−13◦ , (51)
and the 95% C.L. allowed ranges for ρ, η and γ are
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FIG. 8. χ2 as a function of γ using combined data from |ǫK |, ∆mBd,s , |Vub/Vcb|, sin 2β and
rare B → PP data. The dotted and solid curves are for the fit with exact SU(3) and with SU(3)
breaking effects, respectively. The dashed curve is the same as that from section II with sin 2β
included.
0.01 < ρ < 0.30, 0.21 < η < 0.41,
−0.87 < sin 2α < 0.44, 0.46 < sin 2β < 0.80, 42◦ < γ < 87◦. (52)
V. DISCUSSIONS AND CONCLUSIONS
At present the rare charmless hadronic B decay data have large error bars. The main
contribution to the χ2 for the analysis in sections III and IV come from the branching ratio
for B¯0 → K¯0π0. In the cases discussed, this mode alone contribute about 2.5 to the χ2. The
best fit value of the branching ratio is only about half of the experimental central value. We
suspect that there may be some systematic errors in the measurement of this branching ratio.
If the present central value persists, it may be an indication of badly broken SU(3) symmetry
or new physics beyond the SM. It is important to improve the precision of experimental data
to decide whether new physics is needed.
Because of the large error bars associated with the B → PP data, the ranges determined
for the related parameters have large error bars. Especially the phase γ has a large range
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allowed using the B → PP data alone. However, the fit shows no conflict between the fit
from the consideration using |ǫK |, ∆mBd,s , |Vub/Vcb| and sin 2β data. Future experimental
data will be able to provide a more accurate determination of the phase γ.
Before closing we would like to make a few comments about our analysis and some other
related calculations. Our first comment concerns the general SU(3) analysis and factorization
calculations.
Assuming factorization and SU(3) symmetry, that is the decay constants for all octet
pseudoscalars P are equal, and the form factors for B → P are also equal, one obtains [26]
CT3¯ = {
3a2 − a1
8
− [(auc4 + auc6 R) +
3
16
(auc7 − auc9 ) +
1
16
(auc10 + a
uc
8 R)]}X
CT6 = {
a2 − a1
4
− 3
8
(auc10 − auc9 + auc7 + auc8 R)}X
CT15 = {
a1 + a2
8
− 3
16
(auc9 + a
uc
10 − auc7 + auc8 R)}X (53)
where X = fπF
B→π
0 (m
2
π)(m
2
B −m2π) and R = m2K/(mb −mq)(ms +mq). These amplitudes
are related to the “tree” contributions, auci = a
u
i − aci with a2i = c2i + c2i−1/N and a2i−1 =
c2i−1 + c2i/N .
The penguin amplitudes are given by [26]
CP3¯ = −[(atc4 + atc6 R) +
3
16
(atc7 − atc9 ) +
1
16
(atc10 + a
tc
8 R)]X ,
CP6 = −
3
8
(atc10 − atc9 + atc7 + atc8 R)X ,
CP15 = −
3
16
(atc9 + a
tc
10 − atc7 + atc8 R)X . (54)
where atci = a
t
i − aci . When small contributions from aij7,8 terms are neglected, one recovers
the relations in Eq. (36). Numerically, we have
CP3¯ = 0.09, C
T
3¯ = 0.42, C
T
6 = 0.26, C
T
15 = 0.15,
δ3¯ = −15.7◦, δ6 = −14.5◦, δ15 = −14.5◦. (55)
In the above we have used the convention with CP3¯ to be real.
The amplitudes are in the same order of magnitude as the best fit values in sections III
and IV, but the phase can be very different. In the factorization approximation calculation
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here, phases are only due to short distance interaction, rescattering of quarks. Long distance
contributions can change these phases. The results of the best fit values for the phases
indicating that there may be large long distance rescattering effects.
Our second comments concerns the combination of the SU(3) invariant decay amplitude
C = CT3¯ e
iδ3¯ − CT6 eiδ6 − CT15eδ15 . It has been usually assumed that in the literature that
C = 0. This leads to Br(B+ → K0π+) = Br(B− → K¯0π−). This result played a crucial
role in several methods to constrain and to determine the phase γ, for example, using [9]
B− → K−π0, K¯0π−, π−π−, B¯0(B−)→ K+π−, π+π−(K¯0π−), and B− → K−π0, K¯0π−, K−η.
We point out that C = 0 is based on factorization calculation neglecting annihilation
contributions and also penguin contributions [26]. In fact, using factorization calculation
when penguin contributions are included, C does not equal to zero, but C = CT3¯ (penguin).
CT3¯ (penguin) can be obtained from Eq.(53) (the terms proportional to c
uc
i in C
T
3¯ . In the
factorization framework, we can easily check whether C = 0 is a good approximation. Using
the result in Eq. (53) we find that the |CT3¯ (penguin)/CT3¯ | is of order 5%. It is therefore
reasonable to assume the penguin contribution to be small and C ≈ 0.
One should also be aware that when going beyond factorization approximation and in-
clude rescattering effects C may deviate from zero. It should be tested. The fitting program
proposed in this paper can be easily used to achieve this goal. From the best fit values in the
previous sections, we clearly see that C can easily deviate from zero. For example, in the
case with exact SU(3), the best fit value using rare B decay data C is, C = 0.05− i0.20 and
with SU(3) breaking effects C is, C = 0.37 + i0.18 which are the same order of magnitude
as individual CTi . One needs more data to achieve a better test. Until then, the use of the
methods based on the above equation have to be treated with caution.
Our final comments concerns the uncertainties in the present analysis. In this paper we
have developed a method based on SU(3) flavor symmetry to determine the CP violating
phase γ. We find that when annihilation contributions are neglected, there are only seven
hadronic parameters in the SM related to B → PP decays. The annihilation contributions
are small is based on factorization approximation. If it turns out that they are not small,
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as some model calculations indicated that the penguin related annihilation contribution AP3¯
may be sizeable, one needs to include it into the analysis. However, from Table II one can
see that AP3¯ does not show up in B → Kπ decays, but only to B → ππ which is suppressed
by small Wilson coefficients. One can also carried out an analysis including AP3¯ into the
fit when more experimental data become available. Future experimental data with better
accuracy will provide more information.
In the estimate of SU(3) breaking effects, we have parameterized the SU(3) breaking
effects in a simple form with Ci(Kπ) = (fK/fπ)Ci(ππ). In general the SU(3) breaking
effects may be more complicated. More systematic study of SU(3) breaking effects are
needed in order to obtain more accurate determination of the phase γ. But in any rate
we hope that the method developed here will help to provide useful information about the
hadronic matrix elements and also the CP violating phase γ.
In conclusion, in this paper we have developed a method to determine the CP violating
phase γ based on the flavor SU(3) symmetry. We find that present data can already give
some constraint on γ and it is consistent with the constraint obtained by using |ǫK |, ∆mBd,s ,
|Vub/Vcb| and sin 2β data. We also carried out an analysis combining data from ǫK , ∆mBd,s ,
|Vub/Vcb|, sin 2β and data from rare charmless hadronic B decays. The combined analysis
gives γ = 67◦ for the best fit value and 43◦ ∼ 87◦ as the 95% C.L. allowed range. Although
there are uncertainties in the fit program, the method developed in the present paper can
provide useful information about the hadronic matrix elements for rare charmless hadronic
B decays and the CP violating phase γ.
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